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LETTER TO THE EDITOR

Geometric foundations of a new conservation law discovered
by Hojman
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28040 Madrid, Spain

Received 14 September 1593

Abstract. The geometric foundations of 2 recent new conservation law obtained by Hojman,
for second-order differential equations, are given.

In a recent paper {1], Hojman obtained a new conservation law holding for a set of second-
order differential equations

q:=ﬁ(r’qsq.) i=1,....n (1)

where the forces f; satisfy:
E -+ X(lah(@) = @

and X is the vector-field associated canonically to (1), given by:

+Z[. -+ fi- é—] , (3)

and A(g) is a function of ¢y, ..., gx.
Under the above hypothesis, and assuming that a symmetry vector

s-Zs.(f a, q)—

i=1
of equations (1} is known, Hojman obtained a new conservation law for system (1}, namely:
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That is, formula (4) is constant along trajectories of (1).

We present here the geometrical basis of this conservation law. In doing it we shall see
that Hojman's hypothesis can be broadened, in order to include the case in which A is a
function of ¢, g, ¢, and not only of the ¢ as Hojman did.
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Consider the local volume form given by:
Q=dtAadgy A...AdgaAdgi A ... Adg, ' ' )

and the Lie derivatives operator Ly along the streamlines of an arbitrary vector-field ¥~ [2].
Using & and Ly we define the divergence of a vector-field ¥ in the usual form:

il 5y,
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In particular, when V is the vector-field X defined in (3) we have:

= 3f; .

Ly =;£ : )
and therefore we can write (2) in the form:

LxQ+X(@nd)-Q=0. (8)
On the other hand, it is well known that if § is a symmetry vector of (1) we have:

[x,84=0 )
where S is the first extension of S, given by:

2.9
S'=5+ ;} 3g, (X&) (10)

and where [, ] stands for the Lie-Tacobi bracket of vector-fields.
Now, from (9) one immediately has:

LxLg -Q=Lgils-Q an
and therefore ]
Lx(divSh) Q@ =Lgi(divX) - Q=La(-X(nd) = Lx(—Lgs (lai)) (12)
which can be wriften as:
Lx(div8' + Lgai(InA)) =0 13)
that is, -
div(5") + Lgi(Ind) (14)

is a new conservation law for X.

Taking (10) into account it can be immediately checked that (14) is the conservation
law obtained by Hojman.

Note that when obtaining the conservation law (14) we have not assumed that X is a
function of only 43, ..., q,, as Hojman did. Our reasoning is valid, in fact, when A is a
function of ¢, q, ¢. Therefore the conservation law obtained here holds under a slightly
broader hypothesis than those considered by Hojman.
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